In quantum magnetism, virtual particle exchange mediates an interaction between individual spins. Here we show that an inelastic Hubbard interaction, which leads to a loss of particles, dramatically alters spin-exchange processes and drives a system into spin states characterized by a negative absolute temperature. This mechanism is applicable to both fermionic and bosonic Mott insulators in any lattice geometry, and can naturally be realized with ultracold atoms undergoing two-body inelastic collisions. Negative-temperature spin correlations can be detected by using a double-well optical lattice or quantum-gas microscopy, the latter of which also serves to eliminate the effect of unwanted holes created by particle loss. Our results open a new avenue toward controlling quantum many-body states and heralds a novel approach to quantum simulations of magnetism.
In quantum magnetism, virtual particle exchange mediates an interaction between individual spins. Here we show that an inelastic Hubbard interaction, which leads to a loss of particles, dramatically alters spin-exchange processes and drives a system into spin states characterized by a negative absolute temperature. This mechanism is applicable to both fermionic and bosonic Mott insulators in any lattice geometry, and can naturally be realized with ultracold atoms undergoing two-body inelastic collisions. Negative-temperature spin correlations can be detected by using a double-well optical lattice or quantum-gas microscopy, the latter of which also serves to eliminate the effect of unwanted holes created by particle loss. Our results open a new avenue toward controlling quantum many-body states and heralds a novel approach to quantum simulations of magnetism.
Quantum magnetism in Mott insulators is one of the central problems in strongly correlated many-body systems [1] . A Mott insulator is described by the Hubbard model, where a strong repulsive interaction between particles precludes multiple occupation and anchors a single spin to each lattice site. While the kinetic motion of particles is frozen in Mott insulators, quantum mechanics allows particles to virtually hop between sites. A second-order process involving virtual exchange of particles leads to an effective spin-spin interaction, providing a fundamental origin of quantum magnetism [1] . Recent developments in quantum simulations of the Hubbard model with ultracold atoms [2] have offered a powerful approach to unveiling low-temperature properties of quantum magnets [3] [4] [5] [6] [7] . In particular, quantum-gas microscopy has enabled site-resolved imaging of spin states [8] [9] [10] [11] , culminating in direct observation of antiferromagnetic correlations and long-range order in the Hubbard model [12] [13] [14] [15] . However, to observe quantum magnetism, it is necessary to achieve sufficiently low temperatures comparable with the exchange coupling. Currently, the difficulty of cooling atoms prevents observations of exotic quantum states of matter, such as topological order and quantum spin liquids, which have potential applications to topological quantum computation [16] .
Here we demonstrate that ultracold atoms undergoing inelastic collisions obey a completely different principle for realizing quantum magnetism; instead of cooling down to low-energy states, those atoms realize a negativetemperature state (NTS) due to dissipation caused by inelastic collisions. Inelastic collisions have widely been observed for atoms in excited states [17, 18] and molecules [19, 20] , and can be artificially induced by photoassociation [21] . In contrast to standard equilibrium systems which favor low-energy states, the long-time behavior of dissipative systems is governed by the imaginary part of energy, which characterizes the decay rate of each state. We show that the spin-exchange mechanism is dramatically altered in the presence of inelastic collisions due to dissipation in an intermediate state, thereby realizing negative-temperature magnetism.
Our results are schematically summarized in Fig. 1 . We consider a finite-size spin system which has an upper bound in the energy spectrum. Since the temperature T is defined in terms of energy E and entropy S as 1/T = ∂S/∂E, a NTS is realized when entropy has a negative slope against energy (see Fig. 1b ) [22, 23] . We start from an equilibrium state at a positive temperature, which has an antiferromagnetic correlation in the case of the Fermi-Hubbard model (Fig. 1c) . In a second-order process which mediates an interaction between spins, an antiferromagnetic spin configuration has a finite lifetime due to a loss in an intermediate state, whereas a ferromagnetic spin configuration cannot decay due to the Pauli exclusion principle (Fig. 1a) . Because of this dissipative spin-exchange interaction, low-energy states gradually decay in the time evolution and the energy per particle monotonically increases. When the entropy is maximized, the system becomes an infinite-temperature state with vanishing spin correlation (Fig. 1d) . Past that point, the population of higher-energy states surpasses that of lower-energy states, leading to the NTS characterized by a ferromagnetic spin correlation (Fig. 1e) . Consequently, the magnetism is inverted. We note that, while NTSs have been realized in isolated systems [24] [25] [26] [27] [28] [29] [30] [31] [32] , our system is essentially open; here, dissipation to an environment plays a vital role in the realization of a NTS.
Model.-We consider a dissipative Hubbard model of two-component fermions or bosons realized with ultracold atoms in an optical lattice. The unitary part of the dynamics is governed by the Hubbard Hamiltonian which reads for fermions, and
for bosons. Here c jσ (b jσ ) is the annihilation operator of a fermion (boson) with spin σ at site j, and n
We assume that hopping occurs between nearest-neighbor sites and that the on-site elastic interactions are repulsive: U, U σσ > 0. We assume t > 0 without loss of generality. Now we suppose that atoms also undergo inelastic collisions; because a large internal energy is converted to the kinetic energy, two atoms after inelastic collisions quickly escape from the trap and are lost. The dissipative dynamics of the density matrix ρ of the system is described by the following quantum master equation [33] :
(3) The Lindblad operators L jσσ induce two-body losses due to the on-site inelastic collisions, and are expressed as L jσσ = √ 2γc jσ c jσ δ σ,↑ δ σ ,↓ for fermions and L jσσ = √ γ σσ b jσ b jσ for bosons. The coefficients γ, γ σσ > 0 are determined from the loss rates of atoms.
Spin-exchange interaction in the dissipative systems.-We first illustrate the basic mechanism that underlies the magnetism of the dissipative Hubbard system. We consider a strongly correlated regime (U, U σσ t) and assume that the initial particle density is set to unity so that a Mott insulating state is realized. For simplicity, we assume the spin SU(2) invariance, i.e., U ↑↑ = U ↓↓ = U ↑↓ = U . Then, if double occupancies and holes are neglected, the Fermi (Bose) Hubbard model (1) ( (2)) is well approximated by the antiferromagnetic (ferromagnetic) Heisenberg model
2 /U [34, 35] . Here we employ a quantum-trajectory method [36] [37] [38] to investigate the dynamics described by Eq. (3). The dynamics is decomposed into a non-unitary Schrödinger evolution under an effective non-Hermitian Hamiltonian
α L α and stochastic quantum-jump processes which induce particle losses with the jump operators L α . The non-Hermitian Hamiltonian H eff is obtained by replacing the Hubbard interactions U and U σσ with U − iγ and U σσ − iγ σσ , respectively, making the interaction coefficients complex-valued due to the inelastic interactions. In each quantum trajectory, the system evolves under the non-Hermitian Hubbard model during the time between loss events. Physically, the quantum trajectories are realized when the particle number of the system is continuously monitored [38] [39] [40] . This can be achieved in cold-atom experiments by using quantum-gas microscopy [12] [13] [14] [15] . Each quantum trajectory is characterized by the number of loss events. As the simplest case, let us select a trajectory that does not contain any loss event; in this trajectory, the particle number is conserved to be the same as that of the initial state. Since the double occupancy is still suppressed due to the large Hubbard interaction U , the dynamics is constrained to the Hilbert subspace of the spin Hamiltonian. The effective spin Hamiltonian, which governs the dynamics in the quantum trajectory, is derived by the second-order perturbation theory from the non-Hermitian Hubbard model, giving
with
2 ), and η = +1 (η = −1) for fermions (bosons). Here we assume spinindependent dissipation γ σσ = γ for bosonic atoms. For a general case, see Supplementary Information. Equation (4) shows a remarkable feature; even if the system is restricted to the states without double occupancy, the spin-spin interactions are affected by dissipation since the virtual second-order process involves a doubly occupied site (see Fig. 1a ). In fact, the energy denominators in (4) is given by E n = (J eff + iΓ)E (0) n /J, where E (0) n ≤ 0 is the eigenenergy of the Heisenberg model H spin . Thus, the decay rate of the n-th eigenstate, which is given by the imaginary part of the energy, is proportional to
≤ 0, this indicates that lower-energy states have larger decay rates and thus have shorter lifetimes. Therefore, after a sufficiently long time, only the highenergy spin states can survive.
To be specific, we consider a situation in which the dissipative dynamics starts from an equilibrium initial state given by a Gibbs density matrix ρ = e −βiHspin /Tr[e −βiHspin ]. At time τ = 0, we switch on the dissipation; this situation corresponds to transferring atoms from the ground state to an excited state [17, 18] or applying a photoassociation laser [21] at τ = 0. The time evolution of the density matrix under the lossless condition is given by
where |n is the n-th eigenstate of H spin , and β(τ ) = β i − 2(Γ/J)τ . Therefore, the spin system starting from a positive temperature 1/β i > 0 firstly becomes an infinitetemperature state at time τ = τ NT ≡ β i J/(2Γ), and then evolves into a NTS with 1/β(τ > τ NT ) < 0 (see Fig. 1c e). We note that the NTS can be regarded as a positivetemperature state of a Hamiltonian −H spin . Thus, in the NTS, the antiferromagnetic (ferromagnetic) Heisenberg model exhibits a ferromagnetic (antiferromagnetic) correlation, as shown in Fig. 1e . The time scale of this "heating" dynamics is characterized by the imaginary part of the exchange interaction Γ, which takes the maximum value Γ = 0.5J at γ = U as a function of γ. Double-well systems.-A minimal setup to demonstrate the basic principle shown above is a two-site system. It can be experimentally realized with an ensemble of double wells created by optical superlattices [3, 4] , and magnetic correlations between the left and right wells can be measured from singlet-triplet oscillations [4, 5, 7] . We consider an ensemble of double wells in which two parti- 
, both of which take the same values for the Fermi and Bose Hubbard models. c, d, Time evolution of the spin correlation ψ(τ )| S1 · S2 |ψ(τ ) / ψ(τ )|ψ(τ ) of the Fermi (c) and Bose (d) Hubbard models. The parameters are set to U/t = 10 and γ/t = 3. The unit of time is the inverse of the hopping rate τ h = 1/t.
cles with opposite spins occupy each double well. During the dissipative dynamics, a double well in which a loss event takes place becomes empty. Therefore, when a magnetic correlation is measured at time τ , signals come from double wells where particles are still not lost. Such wells are faithfully described by the quantum trajectory method without loss events. Figure 2 shows the time evolution of the squared norm of the state ψ(τ )|ψ(τ ) , double occupancy 
2) of the Heisenberg model. We note that the double occupancy in the dynamics is almost negligible and further suppressed by an increase in the dissipation γ (see Supplementary Information for the dependence on γ); the latter is due to the continuous quantum Zeno effect [19] [20] [21] by which strong dissipation inhibits hopping to an occupied site. Nevertheless, the virtual hopping process is allowed, leading to the growth of spin correlation.
Another important feature is that the squared norm stays constant after the spin correlation is saturated. Since the squared norm corresponds to the probability of the lossless quantum trajectory [38] , it means that the system enters a dark state which is immune to the dissipation. This property explains why the highestenergy spin state is realized in the long-time limit; the spin-symmetric (spin-antisymmetric) state of fermions (bosons) is actually free from dissipation and thus has the longest lifetime, since in this spin configuration both Fermi and Bose statistics dictate antisymmetry of the real-space wavefunction and hence allows no double occupancy [41] .
Eliminating holes with conditional correlators.-Having established the basic mechanism of the negativetemperature quantum magnetism, we address an important question for experimental realizations; how is a NTS affected by holes created by particle loss? The holes propagate in the system, scramble the background spin configuration, and disturb the development of spin correlations. Below we show that this difficulty is circumvented by using quantum-gas microscopy for the one-dimensional Hubbard model. This experimental technique enables a high-precision measurement of the particle number at the single-site level [8] [9] [10] [11] . Given a single-shot image of an atomic gas, the occupation number of each site is identified to be zero, one, two, etc. To extract spin correlations between sites occupied by a single spin, we define a conditional correlator
(6) Here P j is a projector onto those states in which site j is singly occupied. More generally, we can use a correlation function
where Q d h is another projector onto states with d h holes and d − d h − 1 singly occupied sites between sites j and j + d. Such conditional correlators have been measured in experiments with quantum-gas microscopy [42, 43] by collecting images that match the conditions. We first show in Fig. 3 the time evolution of the one-dimensional dissipative Hubbard models in quantum trajectories without loss events. The system size is N = 8 (N = 6) for the Fermi (Bose) system (see Methods). The initial states are chosen to be a Néel state |↑↓↑↓↑↓↑↓ and a ferromagnetic domain-wall state |↑↑↑↓↓↓ for the Fermi and Bose systems, respectively. The dissipative Fermi (Bose) system in Fig. 3b (3d) clearly develops a ferromagnetic (antiferromagnetic) spin correlation C(i, j) = ψ(τ )| S i · S j |ψ(τ ) / ψ(τ )|ψ(τ ) which is inverted from that of the initial state, and it is saturated at a value consistent with the ground state of the ferromagnetic (antiferromagnetic) Heisenberg chain.
However, as seen from Figs. 3a and 3c , the fast decay of the squared norm indicates that the probability of the lossless trajectory becomes small after a long time, and thus a loss event inevitably takes place [44] .
Figure 4a (4c) shows dynamics of the conditional correlators of the dissipative Fermi (Bose) Hubbard model calculated from a single quantum trajectory which contains a loss event. Additional numerical data are available in Supplementary Information. The initial state is the same as in Fig. 3 . In Fig. 4a (4c) , a quantum-jump event takes place at τ /τ h 3 (τ /τ h 1.7) and creates a hole at site j = 0. Remarkably, although the ferromagnetic (antiferromagnetic) correlation, which develops through the dissipative exchange mechanism, is disturbed once by a quantum jump, it starts to grow again and is finally saturated at the value same as in the case of no quantum jump.
Notably, such a development of the spin correlation cannot clearly be detected by using a standard spin correlator C(i, j) (Figs. 4b and 4d) , since the motion of a hole disturbs the spin configuration. In this sense, the ferromagnetic/antiferromagnetic correlations are reminiscent of the hidden correlation in hole-doped Mott insulators [43] , which is a hallmark of spin-charge separation in the one-dimensional systems [45] . In the strongly correlated Hubbard chain, the created holes move freely as if they were non-interacting, while the background spin state remains the same as that of the Heisenberg chain [46] . In particular, given an eigenstate of the one-dimensional Hubbard chain, one can reconstruct an eigenstate of the Heisenberg model by eliminating holes contained in each particle configuration superposed in the quantum state [43, 46, 47] . Thus, the conditional correlators C proj (j, j + 1) and C proj (j, j + d; d h ) capture the spin correlations in the background Heisenberg model, and are equivalent to S j · S j+1 H and S j · S j+d−d h H , respectively (here H denotes the expectation value taken for the Heisenberg model). This explains the saturated value of the conditional spin correlation that exactly coincides with that in the trajectory without loss events shown in Fig. 3b . Although the original argument on the hidden correlation was limited to the Fermi-Hubbard model [43, 46, 47] , our numerical results indicate that this mechanism also works for the bosonic Hubbard system.
Summary and future perspectives.-In summary, we have shown that the inelastic Hubbard interaction alters the spin-exchange process due to a finite lifetime of the intermediate state, leading to novel quantum magnetism opposite to the standard equilibrium magnetism; rather than stabilizing low-energy states, high-energy spin states have longer lifetimes and are thus realized in the dissipative systems. The Hubbard model with inelastic interactions can be realized with various types of ultracold atoms in internal excited states; for example, ytterbium atoms are a promising candidate for implementation for their long-lived excited states for which the decay to the ground state due to spontaneous emission is negligible [17, 18] . Furthermore, inelastic collisions can be artificially induced by using photoassociation techniques [21] , which will enable the control of quantum magnetism with a NTS.
Our work raises many open questions for future investigation. First, while we have shown that the effect of holes can be eliminated in one-dimensional systems, the interplay between holes and background spin configurations is more intricate in two (or higher) dimensions. Second, since the bosonic Hubbard system develops antiferromagnetic correlations in a NTS, geometric frustration in the lattice may realize quantum spin liquids and topological order, which have not yet been realized in cold-atom experiments due to the difficulty of cooling. Third, in this paper, we have focused on the cases with spin SU(2) symmetry. If this symmetry is relaxed, eigenstates of the non-Hermitian spin Hamiltonian with the complex-valued spin-exchange interaction are no longer the same as those of the original Hermitian spin Hamiltonian. Thus, in these systems, novel quantum magnetism with non-Hermitian spin Hamiltonians [48] may be realized.
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Methods
Numerical simulations.-The dynamics of the dissipative Hubbard model is simulated by using a quantum trajectory method [36] [37] [38] . According to a random number R 1 taken from an interval 0 ≤ R 1 ≤ 1, the system evolves under the nonunitary Schrödinger equation i∂ τ |ψ(τ ) = H eff |ψ(τ ) up to a time τ 1 when the squared norm ψ(τ 1 )|ψ(τ 1 ) is equal to R 1 . Here H eff is the N -site non-Hermitian Fermi or Bose Hubbard model under the periodic boundary condition. The Schrödinger dynamics is numerically calculated by using exact diagonalization of H eff . At time τ 1 , the loss event takes place and the state is multiplied by a quantum-jump operator L jσσ and then normalized:
The Lindblad operator L jσσ for the loss event at time τ 1 is selected according to the probability
After the time τ 1 , we take another random number R 2 and repeat the above procedure.
where
Here, z denotes the coordination number of the lattice. By setting U ↑↑ = U ↓↓ = U ↑↓ = U and γ ↑↑ = γ ↓↓ = γ ↑↓ = γ, the model for bosons (S5) is reduced to the non-Hermitian Heisenberg model considered in the main text. If a bosonic system does not respect the spin SU(2) symmetry, the non-Hermitian spin model (S5) is an XXZ model with complexvalued spin-spin interactions and a magnetic field. We note that the effective magnetic field has an imaginary part h i in general. In the Hermitian case, the real magnetic field h r can be compensated by using an additional external magnetic field [35] . However, the imaginary magnetic field cannot be compensated by any real external field and thus inevitably affects the behavior of dissipative spin systems.
Dissipation dependence of the dynamics
In Fig. S1 , we show how the real and imaginary parts of the effective spin-exchange interactions, which are respectively given by J eff = 4U t 2 /(U 2 + γ 2 ) and Γ = 4γt 2 /(U 2 + γ 2 ), depend on the inelastic-collision rate γ. The imaginary part takes its maximum Γ = 0.5J at γ/U = 1 and then decreases with the increase of γ. The suppression of the effective dissipation rate Γ at large γ is attributed to the continuous quantum Zeno effect [19] [20] [21] , which freezes the hopping of atoms due to the large dissipation. On the other hand, the real part J eff of the spin-exchange interaction monotonically decreases as a function of γ.
The dependence of the dynamics of the Hubbard model on dissipation is shown in Fig. S2 . Here we calculate the dynamics of the two-site non-Hermitian Fermi and Bose Hubbard models which can be realized with a double-well optical lattice as mentioned in the main text. When small dissipation is introduced to the system (Figs. S2 a-d) , fast oscillations of the double occupancy and the spin correlation due to the large on-site repulsion U are damped by the dissipation. As the strength of dissipation is increased (Figs. S2 e-h) , the development of the ferromagnetic (antiferromagnetic) spin correlation in the Fermi (Bose) system is accelerated by an increase in the imaginary part of the spin-exchange interaction Γ, which governs the time scale of the dissipative spin dynamics. At the optimal value γ/U = 1 (Figs. S2 i-l) , the fastest development of the spin correlation is observed. We note that the double occupancy is gradually suppressed with increasing the dissipation (see Figs. S2 b, f, and j) . This behavior is a consequence of the continuous quantum Zeno effect, as mentioned in the main text.
Time evolution of the squared norm in a quantum trajectory with a quantum jump
In Fig. S3 , we plot time evolution of the squared norm ψ(τ )|ψ(τ ) in the quantum trajectories shown in Fig. 4 in the main text. In the case of the Fermi-Hubbard model (Fig. S3a) , the squared norm after the quantum jump is saturated at a finite value due to the existence of the dark state, which is the spin-symmetric ferromagnetic state [41] . The saturated value is determined by a squared overlap between the dark state and the state just after the quantum jump. Since the antiferromagnetic spin correlation in the initial state is washed out in the state after the quantum jump, the squared overlap, or the saturated value of the squared norm, takes a relatively larger value than that before the quantum jump. This property enables us to observe the ferromagnetic spin states with a reasonable probability. On the other hand, in the case of the Bose-Hubbard model (Fig. S3b) , the squared norm is not saturated at a finite value due to the absence of a dark state.
Time evolution with multiple quantum jumps Figure S4 shows dynamics of the squared norm, the conditional correlator, and the standard correlator in a quantum trajectory with two jump events. Here the dissipative Fermi-Hubbard model with 8 sites is studied. The initial state is chosen to be the Néel state as in the main text. The first quantum-jump event at τ /τ h 3 occurs at site j = 0 and decreases the particle number from eight to six. Subsequently, the second two-body loss event takes place at site j = 4 at time τ /τ h 4.7, leaving four atoms in the system. As shown in Fig. S4b , the spin correlators involving sites at which the loss events take place are considerably affected by the quantum jumps (see j = 0 and j = 3 lines). Remarkably, however, the other spin correlators are not quite disturbed (see j = 1 and j = 2 lines) and saturated at the completely ferromagnetic value C proj (j, j + 1) = 0.25 in a time scale comparable with that in the quantum trajectory without loss events shown in Fig. 3b . Such a feature is not clearly observed in the standard correlators (Fig. S4c) and can thus be first detected by using the conditional correlators which are enabled by quantum-gas microscopy.
